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Spherical collapse and the holographic dark energy model
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Department of Physics, Bu-Ali Sina University, Hamedan 65178, Iran
In this work we investigate the spherical collapse model in flat FRW universe containing dark
energy component. We consider the Holographic Dark Energy (HDE) model as a dynamical dark
energy scenario with slowly time varying EoS parameter wΛ in order to calculate the effect of dark
energy on the scenario of structure formation in the universe. We first calculate the evolution of
density perturbation in linear regime for both phantom and quintessence behavior of HDE model
and compare the results with standard CDM and Λ CDM models. Then we calculate the evolution
of two parameters characterizing the spherical collapse model i.e., linear density threshold δc and
virial over-density ∆vir for phantom and quintessence HDE models. It is shown that the growth
factor and δc fall behind in ΛCDM universe. We also show that ∆vir is largest in quintessence HDE
model, intermediate in phantom HDE compare to ΛCDM model. Hence the growth of structures
start earlier in quintessence and phantom HDE models than ΛCDM and more concentrated objects
can be produced in these models.
I. INTRODUCTION
The cosmic structures such as galaxies and clusters of galaxy are developed from the initial small density perturba-
tions in the primeval medium. Spherical collapse as a simple analytical model was first introduced by Gunn and Gutt
1972 [1] in order to calculate the evolution of perturbations in falling material into a bound system. In this model we
follow the evolution of perturbations of spherical over-dense region in the universe. At the early times, the over-dense
region expands along with the Hubble flow and density perturbations grow proportional with scale factor. In this
phase, the growth of structures is in linear regime. In linear regime, the perturbed regions have a little deviation from
the Hubble velocity. If the initial over-density exceeds a critical value, the perturbed region starts to deviating from
the Hubble flow, expands slower compare with background and enters to the following phases:
(i) expansion up to maximum radius (in this phase the over-dense region stops completely from the background ex-
pansion)
(ii) collapse under self gravitational force)
(iii) virialization ( in this phase structure virialises under virial condition)
The collapse procedure due to gravitational instability depends strongly on the dynamics of background Hubble flow.
The Hubble drag due to expansion slow down the formation rate of structures, their evolution. Hence the final char-
acteristics depend on how the background Hubble flow expands.
In recent two decades, the astronomical data from SNe Ia [2], WMAP [3], SDSS [4] and X-ray [5] experiments indi-
cate that the Hubble flow experiences an accelerated expansion. In the framework of standard cosmology, an exotic
component with positive density and negative pressure, the so-called dark energy, is responsible for this accelerated
expansion.The result of WMAP experiments show that dark energy occupies about 73%, dark matter about 23%
and usual baryons occupies about 4% of the total energy of the universe [3]. Although the nature of dark energy is
still un-known, but the ultimate fate of the current universe is determined by this mysterious component. The dark
energy component not only affects the expansion rate of the background and the distance-redshift relation, but also
the scenario of structure formation. The main goal of this work is the effect of dark energy on the process of spherical
collapse model in the scenario of structure formation.
The first and simplest model for dark energy is Einstein’s cosmological constant with constant EoS parameter wΛ = −1
. The growth of structures both in linear and non-linear regimes for cosmological constant models has been discussed
by [6]. The cosmological constant suffers from the fine-tuning and cosmic coincidence problems [7–9]. For solving or
alleviating these problems, in recent years, a plenty dynamical dark energy models with time-varying equation of state,
have been proposed [9–11]. The scalar fields such as quintessence models are the example of dynamical dark energy
in which the EoS parameter can be different from −1 and varies with cosmic time [12]. The scenario of structure
growth entered into the new investigations when dynamical dark energy was proposed in cosmology. For example,
the evolution structure growth and cluster abundance in quintessence dark energy models [13] and chamelon scalar
field [14]. It has been showed that the predilections of spherical collapse model depend strongly on the potential of
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2scalar field in a minimally coupled scalar field scenarios [15].
Also the results of spherical collapse in which the dark energy is clustered that more concentrated structures can be
formed compare to the homogeneous dark energy [16, 17]. Bartelmann, et al. [18] extended the spherical collapse
model in the presence of early dark energy models and showed that the growth of structures falls behind in ΛCDM
model. Hence to reach the same fluctuation amplitude today, the structures have to grow earlier in early dark energy
models. In the above studies, the dark energy was assumed with constant EoS parameter different from −1. For
example for constant EoS parameter in the range −1 < wΛ < −1/3, Horellou & Berge [19] showed that the structure
form earlier and are more concentrated in quintessence than in ΛCDM models.
In this work we extend spherical collapse model (SCM) to the dark energy cosmology when the EoS parameter of
dark energy evolves slowly with time. In this regards, we assume the Holographic dark energy (HDE) model for
background cosmology (see the next section). In fact almost all dynamical dark energy models with time varying
equation of state are phenomenological models. However, the advantage of HDE model is that it originates from a
fundamental principle in quantum gravity, therefore possesses some features of an underlying theory of dark energy.
We discuss the linear evolution of perturbations in HDE background model with time varying EoS parameter. Then
we study the non-linear spherical collapse model in HDE cosmology.
II. HOLOGRAPHIC DARK ENERGY MODEL
The holographic dark energy (HDE) model is constructed based on the holographic principle in quantum gravity
scenario [21]. In holographic principle, the number degrees of freedom of a finite size system should be finite and
bounded by the area of its boundary [22]. In this case the total energy of a system with size L should not exceed the
mass of a black hole with same size, i.e., L3ρΛ ≤ LM2p , where ρΛ is the quantum zero-point energy density caused
by UV cut-off Λ and Mp is the Planck mass ( Mp = 1/8piG). In cosmological context, when we take the whole
universe into account, the vacuum energy related to this holographic principle is viewed as dark energy, the so-called
holographic dark energy. The largest IR cut-off L is chosen by saturating the above inequality, hence we get the
following equation for holographic dark energy density
ρΛ = 3c
2M2pL
−2 (1)
where c is positive numerical constant and coefficient 3 is for convenience. An interesting feature of HDE is that
it has a close connection with the space-time [23]. From the observational point of view, the HDE model has been
constrained by various astronomical observation [24]. Using recent observational data, the constrained value of
holographic parameter c in flat universe has been obtained as c = 0.815+0.179−0.139 [25]. The cosmic coincidence problem
can be solved by inflation in HDE model [26]. It should be noted that the HDE model is defined by assuming IR
cut-off L in equation (1). The simple choice for IR cut-off is the Hubble length, L = H−1. If we take L as the Hubble
scale H−1, the dark energy density will be close to the observational data. However, in this case we get a wrong
equation of state for HDE model and can not achieve the current accelerated expansion of the universe [29]. Another
choice for IR cut-off is particle horizon, which does not lead to current accelerated expansion [29]. The third choice
for IR cut-off is the future event horizon which was first assumed by [31] for holographic dark energy model. The
event horizon is given by
Rh = a
∫ ∞
t
dt
a(t)
= a
∫ ∞
t
da
Ha(t)
(2)
where a is the scale factor and t is cosmic time. In the context of event horizon, the HDE model can behave as
a dynamical dark energy model which generate the late time acceleration in consistent with observation [30]. The
coincidence and fine-tuning problems are also solved in this case [31]. In fact, a time varying dark energy model
results a better fit compare with standard cosmological constant based on analysis of cosmological data of type Ia
supernovae [32].
We now discuss FRW universe containing pressure-less dark matter and dark energy component via HDE model in
flat geometry. In this case the dynamics of the universe is given by
H2 =
1
3M2p
(ρm + ρΛ) (3)
where ρm and ρΛ are the energy density of pressure-less matter and dark energy components, respectively, and H is
the Hubble parameter. The continuity equations for pressure-less matter and dark energy components are given by:
˙ρm + 3Hρm = 0, (4)
ρ˙Λ + 3H(1 + wΛ)ρΛ = 0. (5)
3where dot is derivative with respect to cosmic time and wΛ is the EoS parameter of dark energy. Taking a time
derivative of Friedmann equation (3) and using equations (4, 5), R˙h = 1+HRh and also using the energy density of
HDE model ρΛ = 3c
2M2pR
−2
h , we obtain the EoS parameter of HDE model as follows
wΛ = −1
3
− 2
√
ΩΛ
3c
(6)
where ΩΛ is the dimensionless density of dark energy component. In the late time dark energy dominated universe
(ΩΛ → 1), we obtain wΛ < −1 for c < 1. In this case the HDE model behaves as a phantom dark energy (hereafter,
phantom HDE model). Also, for c ≥ 1 we get −1 ≤ wΛ < −1/3, indicating the quintessence dark energy (hereafter,
quintessence HDE model). The analysis of the properties of dark energy from recent observations mildly favor models
with wΛ crossing −1 in the near past [32]. The evolution of energy density, ΩΛ, in HDE model can be obtained by
time derivative of ΩΛ = ρΛ/ρc = 1/(HRh)
2 as follows
Ω′Λ = ΩΛ(1− ΩΛ)
(
1 +
2
√
ΩΛ
c
)
(7)
where prime is a derivative with respect to x = ln a. Since a = 1/(1 + z), where z is cosmic redshift, we have
d/dt = Hd/dx = −H(1 + z)d/dz. In terms of cosmic redshift, the evolution of energy density of HDE model ( i.e.,
Eq.(7) is written as
dΩΛ
dz
= − 1
(1 + z)
ΩΛ(1 − ΩΛ)(1 + 2
√
ΩΛ
c
) (8)
Also, the differential equation for the evolution of dimension-less Hubble parameter, E(z) = H/H0, in HDE model
as a function of redshift parameter can be obtained by taking a time derivative of Friedmann equation (3) and using
relations (5, 4 and 6) as follows:
dE
dz
= − 1
(1 + z)
E(
1
2
ΩΛ +
Ω
3/2
Λ
c
− 3
2
) (9)
The coupled equations (6, 8 and 9) can be solved numerically to obtain the evolution of EoS parameter, energy
density of HDE and Hubble parameter as a function of cosmic redshift. In numerical procedure, we take the present
values of matter density and dark energy density parameters as: Ω0m = 0.27 and Ω
0
Λ = 0.73 in spatially flat universe.
In figures (1-3) the evolution of EoS parameter wΛ, dark energy density parameter ΩΛ and dimension-less Hubble
parameter E = H/H0 in the context of HDE model have been plotted as a function of cosmic redshift z for three
different values of model parameter c. In Fig. (1), we see that for c ≥ 1, the EoS parameter can not enter into the
phantom regime and remains in quintessence phase, i.e., −1 < wΛ < −1/3 (quintessence HDE model). For c < 1, we
adopt the constrained value c = 0.815 form the observational data [33]. In this case, black solid line, the phantom
regime can be crossed at near past in agreement with observation (reference) (phantom HDE model). In Figs.(2,3),
the evolution of energy density parameter ΩΛ and dimensionless Hubble parameter E = H/H0 have been shown as
a function of cosmic redshift. We see that the evolution of ΩΛ and E(z) depend on the value of model parameter
c. The Hubble parameter and dark energy density are bigger for quintessence HDE model. In Fig. (3) the Hubble
parameter in ΛCDM model has been shown for comparison. The dynamics of Hubble flow can influence directly on
the forming of structures in the universe. Hence the evolution of wΛ, ΩΛ and Hubble parameter E(z) determines how
the structures form in the universe. In next section we calculate the linear growth of structure formation in HDE
models and compare the results with ΛCDM scenario.
III. LINEAR PERTURBATION THEORY
Here we calculate the linear growth of perturbations for the non relativistic dust matter in HDE cosmology by
calculating the evolution of over-density parameter δ. In the context of structure formation, several attempts have
been done to obtain the differential equation governing the evolution of δ in the limiting case dust matter without
assuming dark energy component of the universe [34]. In the work of Abramo, et al.,[35] the equation for the evolution
of δ was generalized in a universe containing a dark energy component with time-dependent equation of state. The
differential equation for the evolution of over-density δ in dark energy cosmology and in the presence of rotation
and shear tensors has been derived in [36]. Here, ignoring the rotation and shear tensor, we assume that only the
pressure-less matter is perturbed in spherical collapse and the dark energy component has a uniform distribution. In
this case the differential equation for the evolution of δ is given by [36]
4δ′′ +
(3
a
+
E′(a)
E(a)
)
δ′ − 4
3
δ′
2
1 + δ
− 3
2
Ωm,0
a5E2(a)
δ(1 + δ) = 0, (10)
where prime denotes the derivative with scale factor and E is the dimensionless Hubble parameter in Eq.(10). In
linear regime, the above relation reduces to
δ′′ +
(3
a
+
E′(a)
E(a)
)
δ′ − 3
2
Ωm,0
a5E2(a)
δ = 0, (11)
In order to obtain the linear growth of structures in HDE cosmology, we solve numerically Eq.(11) by using Eq.(9) for
the dynamics of Hubble parameter In order to determining the initial condition for Eq. (11), we now consider Eq. (10)
which represents the non-linear evolution for δ. We search an initial condition at the early time (ai = 10
−4) in which
the present value for δ tends to infinity i.e., δ →∞ (non-linear collapse). Once the initial condition is calculated, one
can use it as an initial condition for determining the evolution of linearized δ in Eq. (11). Numerically, we consider
δ ≃ 107 for for non-linear collapse at the present time. We obtain the initial condition δi leads to δ ≃ 107 from non-
linear Eq.(10) as δi = 2.09×10−4 at initial scale factor ai = 10−4. We also know that the initial value δ′i for the sphere
should be very small and therefore sets to δ′i = 0.0. We solve Eq. (11) for three background cosmological models:
CDM model without dark energy, standard ΛCDM model and HDE model. In CDM model we set the present values
of matter and dark energy density parameters as Ωm0 = 1.00 and ΩΛ0 = 0.00, and for two other models: Ωm0 = 0.27
and ΩΛ0 = 0.73. In the case of CDM universe, the Hubble parameter evolves as E(a) = Ω
1/2
m0a
−3/2. Hence in this
model, Eq. (11) is reduced as
δ′′ +
3
2a
δ′ − 3
2a2
δ = 0, (12)
In the case of standard ΛCDM model, the Hubble parameter E ,in Eq. (11), is given by E(a) =
√
Ωm0a−3 +ΩΛ0
and in HDE cosmology, the Hubble parameter is E(a) =
√
Ωma−3 +ΩΛ0a−3(1+w(a)), where w(a) is the EoS parameter
of HDE model in (6). In Fig. (4), the growth of δ in linear and non-linear regimes has been shown. The red dotted
curve represents the solution of δ based on non-linear evolution in Eq. (10). The blue solid line is the linear evolution
of δ for CDM model according of equation (12). The black dashed and green dotted-dashed curves are the linear
evolution correspond to Λ CDM and HDE phantom model, respectively. We see that the non linear solution starts
to deviating and growing exponentially. In CDM model δ grows faster and tends to standard value δc = 1.69 at the
collapse scale factor. The linear growth for ΛCDM model is smaller compare to CDM model. In HDE phantom model
for c = 0.815, δ grows slower compare to CDM and ΛCDM models. Here we conclude that different models for Hubble
flow indicate different rate of structure growth in linear regime. In CDM universe, in the absence of dark energy,
the structure growth is highest. In HDE model with constrained model parameter c = 0.815 the structure growth is
smallest and it takes intermediate treatment for ΛCDM universe. As a result in linear regime of structure formation,
we see that in HDE model the growth of structures is slowed down compare with ΛCDM and CDM universes due to
bigger Hubble parameter.
IV. SPHERICAL COLLAPSE IN HDE MODEL
Consider a spherical over-dense region with uniform matter density ρs and radius R embedded in a background
of universe. The dynamics of background follows from Friedmann equation (3) and dark energy does not cluster
at the interesting scales ,hence the energy density ρΛ of dark energy remains the same both inside and outside the
over-density patch. The dynamics of this region is given by
R¨
R
= −4piG(pΛ + ρΛ + ρs
3
) = −4piG[(w + 1
3
)ρΛ +
1
3
ρs] (13)
where overdot indicates a derivative with respect to cosmic time. Here we consider the equation of state pΛ = wΛρΛ
for dark energy component to obtain the second equality in Eq. (13). We know that at early times, when the
over-density of this region is enough small, the expansion of the patch is along with Hubble flow and therefore the
density perturbation grows proportionally to scale factor. By growing the density perturbation, this region deviates
from Hubble flow and its expansion velocity decreases. Finally at characteristic scale factor ata, it stops from general
5expansion turn arounds and starts to collapse under the gravitational force till virialization. We call zta and zvir
the corresponding redshift for turn around time and virialization epoch and Rta and Rvir are the maximum radius
and virialaized radius, respectively. By defining the dimensionless parameters x = a/ata and y = R/Rta, the energy
densities of background ρb, dark energy ρΛ, and matter of over-dense region ρs at the turn-around epoch (x = 1)can
be written as
ρb =
3H2ta
8piG
Ωm(x = 1)
x3
(14)
ρΛ =
1− Ωm(x)
Ωm(x)
ρb (15)
ρs =
3H2ta
8piG
Ωm(x = 1)
y3
ξ (16)
where Hta is the Hubble parameter at turn around and ξ =
ρs
ρb
|x=1. Eq.(13) and Friedmann equation (3) in terms of
dimensionless parameters x and y are written as
d2y
d2τ
= −1
2
[
ξ
y2
+ (1 + 3w)
1 − Ωm(x)
Ωm(x)
y
x3
] (17)
dx
dτ
=
1√
aΩm(x)
, (18)
where dτ = Hta
√
Ωm(x = 1)dt. At turn-around time the this region stops form expansion, therefore
dy
dτ |x=1 = 0. Also
at the initial time (ai = 10
−4), we set yi ∼ 0. Using these boundary conditions for solving Eq. (17), the parameter ξ
can be fitted in the line of COBE measurements as [13]
ξ = (
3pi
4
)2Ω−0.79+0.26Ωm−0.06wΛm |x=1 (19)
In [13], it was argued that the above expression for ξ is weakly model dependent and can be applied to models with
time varying wΛ. Here we use relation (6) to obtain ξ in HDE background model. The parameter ξ indicates the
value of over-density of structure at the time of turnaround. For example in CDM universe ξ = 5.6 independent of
cosmic time.
In the theory of structure formation, the parameter δc is defined as the extrapolation of primordial perturbations
to the collapse epoch using the growth law of linear perturbation as follows
δc =
(
(
ρs
ρb
− 1) 1
g(a)
)
a→0
g(ac) (20)
where g(a) is the growth factor which is given by
g(a) =
5Ωm0H
2
0
2
H(a)
∫ a
0
da′[a′H(a′)]−3 (21)
Considering that dark energy does not cluster on the collapsing of structures and it’s effect is the modification of the
background dynamics, the ratio of density of structure to background density at the virialization time is obtained as
[13]
∆vir =
ρs(zvir)
ρb(zvir)
= ξ(
Rta
Rvir
)3(
1 + zta
1 + zvir
)3 (22)
Using the virial theorem, the ratio Rvir/Rta in a universe dominated by dark energy can be calculated as [13]
Rvir
Rta
=
1− ην2
2 + ηt − 3ην2
(23)
6where ηt = 2ξ
−1 ΩΛ(zta)
Ωm(zta)
and ην = 2ξ
−1(1+zvir1+zta )
3 ΩΛ(zvir)
Ωm(zvir)
.
The parameters δc and ∆vir are the two characterizing parameters in spherical collapse model. We see the ratio
Rvir/Rta depends on the cosmological model through the parameters Ωm and ΩΛ. In the limiting case of CDM model
(ΩΛ = 0) in which ηt = ην = 0, one gets to standard value Rvir/Rta = 1/2. Dark energy can also influence the
parameter ξ through the EoS parameter wΛ in Eq.(19). We also see that the parameter ∆vir is affected by dark
energy component.
In Fig. (5) the variation of growth factor g(a) (left panel) and critical threshold density δc (right panel) have been
plotted as a function of scale factor a for different dark energy models. In CDM model, the growth factor evolves
proportional to scale factor and δc = 1.69 at any scale factor. In ΛCDM model the growth factor evolves slower
compare to CDM model and δc gets to lower values by expanding the universe. In the case of phantom HDE
model with constrained model parameter c = 0.815, the growth factor and δc evolve slower than ΛCDM model. For
quintessence HDE model (c ≥ 1) we see that the evolution of growth factor and δc are smallest compare to others.
These behaviors of g(a) and δc depend on the evolution of Hubble parameter in Fig.(3). We see that the Hubble
parameter is largest for quintessence HDE model, it takes intermediate values for phantom HDE and lowest for ΛCDM
model. Hence to have same number of structures at present time, independent of dark energy model, the growth of
structures should be faster in quintessence HDE model to overcome the influence of largest Hubble parameter compare
to other models. Therefore the linear threshold density δc is lowest in quintessence HDE model.
In Fig. (6) the variation of parameter ξ (left panel) and over-density at virialization epoch ∆vir (right panel) with
collapse time tvir has been shown for different background models considered in this work. In early times, ξ tends
to the fiducial value 5.6 which describes the early CDM dominated universe. Also, compare to Λ CDM model, the
value of ξ is larger for both quintessence and phantom HDE models. This means that the over-dense spherical region
at the moment of turn-around are denser in HDE model compare to ΛCDM and CDM model. In CDM universe,
the virial over-density is ∆vir = 178 at any virialized time as expected. In ΛCDM and HDE models, ∆vir becomes
larger by tvir. We interpret this result as the structures which virialize later are more concentrated compare to those
virialize sooner. Also in HDE model, the virial over-density ∆vir becomes larger by increasing the model parameter c.
The virial over-density ∆vir is highest in HDE quintessence model and it takes intermediate value for phantom HDE
model with c = 0.815 compare to ΛCDM model. At early times, ∆vir tends to standard value 178 for all models,
indicating the early time CDM dominated universe. From the above calculation we understood that since Hubble
parameter is highest in quintessence HDE model, hence the virial over-density ∆vir in this model should be largest to
have the same number of structures independent of background model. Also we can say this argument for phantom
HDE model compare to ΛCDM and standard CDM model.
7V. CONCLUSION
In a summery, we calculated the dependency of the spherical collapse model to the time varying EoS parameter
of dynamical dark energy model using the HDE model. The advantage of HDE model is that it is constructed
based on holographic principle in quantum gravity scenario [21]. We assumed two different phase of HDE model i.e.,
quintessence HDE model (c ≥ 1) and phantom HDE model (c < 1). In the case of phantom HDE model we adopted
the constrained value for the model parameter c = 0.815 obtained in [25]. In the linear phase of structure formation,
the growth of density perturbation δ by scale factor is slowed down in HDE models compare to CDM and ΛCDM
models due to bigger Hubble parameter. In particular, we showed that the growth factor of structure formation in
quintessence and phantom HDE models falls behind in ΛCDM model (see left panel Fig. 5). Therefore the structure
formation should be started sooner in quintessence and phantom HDE models compare to ΛCDM universe to have
the same fluctuation amplitude at the present time.
In the non-linear collapse phase, we showed that the parameters of spherical collapse δc and ∆vir depend on the
model of dark energy. In the case of quintessence HDE model, the parameter δc is lowest due to largest Hubble
parameter (see right panel Fig. 5). We showed that the virial over-density ∆vir is largest in quintessence HDE model,
intermediate in phantom HDE than ΛCDM model. Therefore in both quintessence and phantom HDE models, more
concentrated structures can be formed compare to ΛCDM universe. This result is compatible with the results of [18]
in which the early dark energy can speed up the formation of non linear perturbations to produce more concentrated
structures.
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FIG. 1: The evolution of EoS parameter of HDE model, wΛ, as a function of cosmic redshift parameter z for different values of
model parameter c as described in legend. For c ≥ 1, the EoS parameter can not cross the phantom line w = −1 ( quintessence
HDE model). For constrained value c = 0.815 the phantom regime is achieved by HDE model (phantom HDE model). The
cosmological parameter have been chosen as constrained values Ωm0 = 0.27 and ΩΛ0 = .73 from [25].
80 2 4 6 8 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
z
Ω
Λ
 
 
c=1.00
c=0.815
c=1.30
FIG. 2: The evolution of density parameter ,ΩΛ, as a function of cosmic redshift parameter z in quintessence and phantom
HDE models for different values of model parameter c as described in legend.
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quintessence and phantom HDE models for different values of model parameter c as described in legend.
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